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SINGULAR LIMIT OF THE GENERALIZED BURGERS EQUATION WITH ABSORPTION 


KIN MING HUI AND SUNGHOON KIM 


Abstract. We prove the convergence of the solutions t< m , p of the equation u t + (u m ) x = -u? in R x (0, oo), 
u{x, 0) = u 0 (x ) > 0 in R, as m —> oo for any p > 1 and u 0 e L : (R) n L“(R) or as p —> oo for any m > 1 
and u 0 € L"(R). We also show that in general lim limM m „ £ lim lim u m „. 

p—>oom—*oo m— »oop—»oo 


1. Introduction 

Recently there is a lot of studies on the singular limit of solutions of partial differential equations. 
Singular limit of solutions of the porous medium equation. 


u t =A u m 
u(x, 0) =uq > 0 


in R” x (0, T) 
in R” 


( 1 . 1 ) 


as m —> oo is proved by L.A. Caffarelli and A. Friedman in 1CF| when Uq satisfies some appropriate 
conditions. Later P. Benilan, L. Boccardo and M. Herrero (BBH | and P.E. Sacks |S| extended this 
result to more general initial value 0 < Uq e L ] (R' ! ). Singular limits of the solutions of the porous 
medium equation with absorption or drift term were proved by K.M. Hui in IH1I . IIH2II and |H3M . 
Singular limit as p —> co of the solutions of the one dimensional nonlinear wave equation 

< Ptt - (pxx = -|0| P-1 0 (1.2) 

with initial data (p(x,0) = (po(x), (pt(x,0) = <pi(x), was proved by T. Tao in JTJ. Singular limit of 
solutions of the hyperbolic equation 

( Ut + (u m ) x =0 in R X (0, oo) 

{ u{x, 0) =uo > 0 inR 

as m —» oo was proved by X. Xu in 0. Recently B. Perthame, F. Quiros and J.L. Vazquez [PQV | 
proved the singular limit of solutions of the following system of equations, which arises in the 
Hele-Shaw models of tumor growth fPfl, BPTV1 . 

' p t + div (pVp) = pO(p,c) 

, c t - Ac = -pW{p,c) 
c(x, t) —> cb > 0 as |x| —> oo, 

as m —» oo, where p = kp m ~ * l for some constant k > 0 and O, V F, are smooth functions that satisfy 
some structural conditions. 
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In this paper we will study the singular limit of solutions u m/P of the generalized Burgers equation 
with absorption, 

u t + ( u m ) x = in R x (0, oo) 

t/(x, 0) = Uq(x) >0 in R 

when either m —> oo or p —> oo. We will prove that under some mild conditions on the initial data 
Uq, as m —> oo or p —» oo, the singular limit of solutions of (11.411 exists. 

More precisely we will prove the following three results. 

Theorem 1.1. Let 0 < uq e L 1 ( R) n L°°(R). For any p > 1, m > 1, let u m>p be the solution of (11.411 in 
R x (0, oo) given by Lemma lTM Then as m —> oo, u nhp converges in C ([fo, T]; Lj oc (R)jfor any T > to > 0 
to some function Uoo,p, 0 < Uoo tP < 1, which satisfies 

u t = -u p in D'(R x (0, oo)) (1.5) 

with initial value u^(x), 0 < < 1, that satisfies 

^oo(x) + i/'xW = Uo(x) in D'( R) (1.6) 

for some function 0 < ip € L X (R) n L°°(R) satisfying 

ip(x) = 0 a.e. xejxeR: m^,(x) < 1}. (1.7) 

Theorem 1.2. Lef 0 < uo e L°°(R). For any p > 1, m > 1, /ef u m/P be fbe solution of (11.411 m R x (0, oo) 
given by Lemma \L4\ Then asp —» oo, p converges in C([to, T]; L / 1 oc (R)) /or any T > to > 0 to the solution 
u m ,oo of the equation, 

u t + iu m ) x = 0 in R x (0, oo) 

(1.8) 


u(x, 0) = min(i/o(x), 1) 


in R. 


Theorem 1.3. Let 0 < Uq € L X (R) n L°°(R). For any p > 1, m > 1, let u miP be the solution of (11.41) and let 
Uoo, p , u^,, Uffi'Oo, be given by Theorem \TJ\ and Theorem lL2l respectively. Then the following holds: 

(i) as m —» oo, u m/00 converges in L^(Rx(0, oo)) to some function v\ on R, 0 < v\ < 1, which satisfies 

Vi(x) + Ipi(x) x = min {u 0 (x), 1} in D'(R) (1.9) 

for some function 0 <ip\ e L X (R) n L°°(R) such that ipj (x) = 0 for a.e. x € {x : V\{x) < 1}. 

(ii) as p — » oo, Uoo, p converges weakly in L X (R x (0, oo)) to u^. 

Note that as a consequence of Theorem ll.3l in general we have 

lim lim u m ,, 4- lim lim u m 

p—>oo m —>oo m—>oo p —>oo 

The plan of the paper is as follows. We will prove Theorem 11.11 and Theorem ll.2l in section two 
and section three respectively. In section four we will prove Theorem ll.31 

We start with some definitions. We will use the definition of solution in |K| for (11.41) . For any 
<p G C 1 ([0, oo)), we say that a function 0 < u e L°°(R x (0, oo)) is a solution of 


Ut + (u m ) x = <p(u) in R x (0, oo) 
u(x, 0) = «o(x) >0 in R 

if it satisfies the following two conditions: 


( 1 . 10 ) 
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(i) for any k e \R and 0 < j] e C" (R x (0, oo)). 



0 JR 


{\u(x, t) - k\rit + \u(x, t) m - k m \rix + sign (u(x, t ) - k)cp(u)i]j dxdt > 0; 


(ii) there exists a set £ of measure zero on [0, oo) such that for any t 6 [0, oo)\£ the function 
u(x, t) is defined almost everywhere in R and 


lim 

fe[0,oo)\£ 

f-> 0 


I u(x, 

J By 


t) - Uq(x)\ dx = 0 


holds for any ball £>,- = {a € R : |x| < r}. 

As observed by fKj for any solution u of (11.101) . u satisfies 

OO Z-»O0 Z-»CO z-»O0 r\GO 

ur]t dxdt + I I u m r\ x dxdt = - I I <p(u)qdxdt (1.11) 

oo 0 kJ —oo 0 —oo 

for any 0 < rj e C^°(R x (0, oo)). Note that by the result and the proof of [[K) we have the following 
two results. 



Lemma 1.4. Let m > 1, p > 1 and 0 < Uq e L°°(R). Then there exist unique solutions u m , v , v mr of (11.41) 
and 

u t + {u m ) x = 0 in R x (0, oo) 
u(x,0) =Uq(x) in R. (1-12) 


respectively which satisfy 


0 < u m/P < v m < ||»o|| L oo (R ) in R x (0, oo). 


If 0 < M 0 e L°°(R) n L 1 (R), then 


J U m ,p(x, t) dx < I v m (x, t) dx = I 1 

R vJ R R 


uo(x) dx Vf > 0. 


(1.13) 

(1.14) 


Lemma 1.5. Let m > 1, p > 1, 0 < Mo 6 L°°(R), and M m<p be the unique solution of (|1.4b in R x (0, oo). 
Then for any R > 1 and T > to > 0 there exists a monotone increasing function cor € C([0, oo)), cor( 0) = 0, 

depending only on R, \\u 0 \\ L «,, m ||«in / p||J , - (Rx( , 0/T]) and V ll u '”j|lL»(Rx(f 0 ,T]) such that 


and 


I \u m ,p(x + x 0 , t) - Um rV {x, t)\ dx < ce R (|x 0 |) 
J\x\<R 


I I Um,p(x, h) - U„ 1/P (X, t 2 ) I dx < CO R ( \h - t 2 1) 

J|j|<R 


V|x 0 | <1, t 0 <t<T 


Vfi, t 2 e [to, T]. 


(1.15) 

(1.16) 


By Theorem 1 of fKl and Lemma [L4l we have the following result. 

Lemma 1.6. Let m > 1, p > 1, and Mo,i, mo ,2 £ L°°(R) he non-negative functions on R. Suppose U\, u 2 , are 
the solutions of (11.41) in R x (0, oo) with initial value Uo = mq,i, Mo, 2 , respectively. Let 

N = max {ra||u 0/1 11^,, wl^ojll^)} ■ 

Then 

||Mi(v f) - M 2 (v t)llLi(B R _ N( ) ^ llwo.i - «0,2|Ili(b r ) V0 < t < R/N,R > 0,p > 1. (1.17) 

We will now assume that 0 < uq e L°°(R) and let u ni/ p, v m , be the solutions of (11.41) and (11,12[ ) 
respectively for the rest of the paper. For any xo £ R and R > 0, we let Br(x o) = {x e R : \x - xol < R] 
and Br = Br( 0). 
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m 


2. Singular limit as m —> oo 

In this section we will prove Theorem ll.il For fixed p > 1, we will write u m := u„ h p for any 
> 1. We will also assume that 0 < Uq € L°°(R) D L 1 (R) and let 


Ipm (T 


,t)= r 

Jo 


u m (x, z) m dz 


in this section. Let £ ZR be a sequence such that m, —> oo as i —> oo. By (11.13b and the result 

on R 64 of IXl . 


0<u m (x,tr<v m (x,t) m < 


2 IImoIIlhr) 

(m - 1 )t 


a.e. (x, t) e R x (0, oo). 


( 2 . 1 ) 


Then 


m (u m ) m 1 < ml- 


Hence for any to > 0 there exists a constant Mf 0 > 0 such that 


m ll Um llL°o(R X (f 0 / oo)) - M t0 Vm > 2. 


Thus for any R > 1 and T > to > 0, we can choose the function cor in Lemma 11.51 to be inde¬ 
pendent of m > 2. Hence, by (11.1311 . (11.15b and 11.161 ) . the sequence {ii nii .}” 1 is equi-continuous 
in C ([fo, T]; Lj oc (R)) for any T > to > 0. Thus by 12.Ill , the Ascoli theorem and a diagonalization 
argument the sequence {w m .} !=1 has a subsequence which we may assume without loss of generality 
to be the sequence itself that converges in C ([fo, T]; L^R)) for any T > to > 0 to some function 

Uco,p £ c((0,oo);L / 1 oc (R)), 0 < Uoo,p < 1, as i —> oo. When there is no ambiguity we will drop the 
subscript p and write Uoo for Uoo,p- 

Lemma 2.1. satisfies 11.5b . 

Proof. By 12.11) . (« m) * 0 uniformly on IR x [To, for any fixed. Tq > 0 as tu ^ oo. Putting u — 
cp(u) = -(u m f, m = m Z/ in (|1.11[) and letting i —> oo, we get 


Z>00 /~*00 

Jo J- 


iioopt dxdt 


s~*CO f*OQ 

I I (Moo) p i] dxdf VO < 77 £ C“(R x (0, 00 )). 

Jo J—00 

and 11.51 ) follows. □ 

Lemma 2.2. For any T > 0 f/ie sequence of functions {ip m (x, t)} m> p is equi-continuous in C([0, T);L 1 (R)). 


Proof. We will use a modification of the technique of |JX]| to prove the lemma. We first extend 
u m to a function on R 2 by letting u m (x, t) = 0 for all t < 0, x E R. Since n m satisfies 11.111) with 
<p(u) = -(Umf, by 11.111) and an approximation argument, 

X OO /'-'OO /->oo s~*oo r*00 z"»00 z"»00 

J u m q t dxdt+ I I (u m ) m T) x dxdt + I uoqdx= I I (u m ) p q dxdt VO < q e C“(R 2 ). 

OO —OO vV OO vV — oo —oo — oo — oo 

( 2 . 2 ) 

We choose O e C”(R 2 ), 0 < O < 1, such that j, R | R O dxdy = 1 and let j. (x, t) = j) for any 

£ > 0. Putting ;;(x, f) = J e (f - x, z - t) in 12.21) . 


X oo 

/ e (£ — x, z)uq(x) dx — C mr£ (f, z) 

oo 


(2.3) 
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where 


X CO Z~»00 

I 

OO J — ( 


w m (x, f) J e (£- x, t - f) dxdf. 


X oo a»oo 

OO I 


(*, t)J e (E — X, T — t) dxdt, 


and 


X OO s~*00 

I (u m f {x,t)J e (£, -x,T - t)dxdt. 

oo J —oo 


Integrating (12.31) first with respect to E over (x, x + h), h > 0, and then with respect to x over (a, t), 
t > a > 0, 


t fX+h 


ff 


Cm, e (£, z)dEdz 

•x+h ft 


I B m ,e(x + h, t )dz - I B m , e (x, x) dx + 

Ja *Jcr 

s^x+h r>oo r*x+tl r*\ 

= - (A m , £ (E,t)-A m , e (E,o))dE + 

Jx J —oo Jx Jo 

Similar to the proof on P.63-64 of 0, letting e —> 0 in (12.41) . 


(2.4) 


J C (E - z, x)uq(z) dzdEdz. 


f 

Jo 


[u m (x + h, z) m - u m (x, z) m ] dz 

■x+h 


-f 


n x+h 

u m (E, z) p dEdz a.e. {x, t) e R x (0, co). 


() u m (E/0)) dE, 


-'X+h 


-»f fX+h 


Letting a —> 0, 

J r*x+h fX+n pt fX+n 

u 0 (E)dE~ I u m (E,t)dE- I I u m (E,zfdEdz (2.5) 

X dx do dx 

for a.e. (x, t) € R X (0, oo). By (|1.14l) and (I2.1II . 


■f fX+h 


Iff 


u v m (E,z)dEdzdx <h f f u p m (E,z)dEdz 
do Jr 

X . P~1 

m _ 1 | II«oIIl 1(R) ra Vm > p - 1. (2.6) 


dx 


l _ Pd 

V m J 


Hence, by (11.141) . (12.51) and (12.61) . 

I |^ m (x + M)-iM*,f)| dx 

dR 


<h 


2 + 


1 - 2d 

V m / 


V -1 


2 I|moIIl 1 (R)\ m i_p2 

-1— f m 

m -1 / 


II«oIIli(r) a - e - t > 0/ Vm > p - 1/ h > 0. 


(2.7) 
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By <Q4l) and (IZTTl . 

r* r*t+h r * 

I \ip m (x, t + h) - ip m (x, f)| dx= I 

Jr Jt J r 


u m (x, x) m dxdz 


< ———(m - l)’”! 1 m WuoW 2 ^ ((t + h)™ - f'«) 


tii — 1 


( 2 . 8 ) 


for a.e t > 0, h > 0, and any m > p - 1. By (11.13b and (12.11) . 

s~*t 

0 < ip m (x, t) = I u m (x r T) m dz < ^- r (m-l)-(2||u 0 || L i (]R) ) ! ^ 1 ||Mo|| L oo(]R)f- a.e. x € R, t > 0. (2.9) 
Jo tii — t 

By (12.71) . (12.81) and (12.91) . the lemma follows. □ 

By (12.91 ) and Lemma IZ2l the sequence has a subsequence which we may assume without 

loss of generality to the sequence itself such that ip m converges in C([0, T]; L 1 (R)) to some function 
0 < i pe C([0, oo); L 1 (R)) D L°°(R x (0, T)) for any T > 0 as i -a oo. 

By an argument similar to the proof of Theorem 1.2 of 0, the following result holds. 

Proposition 2.3. The function i p is independent oft. 

By Proposition ^. 31 0 < ip € L 1 (R) D L°°(R). We are now ready for the proof of Theorem ll.il 

Proof o f Theorem 11.11 By the previous arguments it remains to prove the uniqueness of «oo- Let 
i] € C“(R 2 ). We first claim that 


lim f f (u mi ) mi r\ x dxdt = f ip(x)t] x (x, 0) dx. 
l ^°° Jo Jr Jr 


( 2 . 10 ) 


To prove the claim we choose Rq > 0, Tq > 0, such that supp i] c [-Rq,Ro] x \~Tq, To]- Then 


r rT o n 

(u mi ) mi T} x dxdt = (i/« 7 ,) m ' rfxtff 

Jo Jr Js Jr 

+ r T} X (x,o)( c 

Jr \Jo 


+ 



0 JR 


Kf (r]x(x, t) - T] x (x, 0)) dxdt 


u m (x,t) mi dtj dx 
= I\ + I 2 + ^3 V0 < 5 < Tq. 

By d2Tl) . 

Ji —> 0 as z —> 00 . 

By the mean value theorem, for any x e R, t > 0, there exists a constant t x G (0, t) such that 

rjx(x, t ) - t) x (x, 0) = ti] xt (x, t x ). 

Then by (12.1b . 


( 2 . 11 ) 

( 2 . 12 ) 


\h\ = 

1 1 (u m ) mi T] xt (x,t x )tdxdt 

Jo Jr 



^ 46R 0 ||Mo|| L i( K )||r?ullL»(R) 

m, - 1 

By Propositionl2.31 

-> 0 

as Z —> OO. 

(2.13) 


f u m fx, t) m dt - 
Jo 

> z/z(x) in L X (R) as z —» 00 . 

(2.14) 


Letting i —> 00 in (12.11b . by (12.1211 . (12.131) and (12. 141) . the claim (12.101 ) follows. 
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Since Uoo satisfies <11.51) , u 0 0 (x, t ) is monotone decreasing in t > 0. Hence 

u[L(x) := Uoo(x, 0) = lim Uoo{x, t) exists. 

Putting m = m l in (12.21) and letting i -a oo, 

z>oo r* r* r* r*oo s-* 

I I u co i] t dxdt+ I uo(x)r](x r O)dx+ I \p(x)i] x (x,Q)dx = I I {uoof r/dxdt VO < rj e C“(R 2 ). 

Jo Jr Jr Jr Jo Jr 

(2.15) 

We now choose (p € C°°(R), 0 < d> < 1, such that cp(r) = 0 for all r < —1 and cp(r) = 1 for all r > 0 
and let c p E (r) = <p{r/e) for any re ]R and £ > 0. For any t] e C"(R) and fo > 0, by replacing 7] by 
<pe(t)<pe(to ~ t)rf(x) in (12.151) and letting t: —> 0, we have 

- I Uoo(x, to)q(x)dx + I uo(x)t)(x) dx + I ip(x)rj x (x) dx = I I u^rjdxdt. (2.16) 
Jr Jr Jr Jo Jr 

Letting fo —^ 0 in (12.161) . by the monotone convergence theorem, 

- f u 0 oo (x)T](x)dx + f u 0 (x)rj(x)dx+ f ip(x)i] x (x)dx = 0 V 77 £ C“(R) 

J]R J]R JlR 

and dl.61) holds. We are now going to prove (11.71) . For any k > 1 let t]/ c (x) = cp(x + k)cp(k - x). Then 

0 < (pk < 1, i]k(x) = 1 for any |x| < k and i]k(x) = 0 for any |x| >k + l. By dl.61) there exists a constant 

C > 0 such that 


I u°ooVkdx- I 1 
Jr Jr 


«o T]k dx 


< C 


Since 1/7 £ L 1 (R), letting k —» 00 in d2.17b . 


I u 0 oo dx= I i 
Jr Jr 


I ipdx Vk>l. 

(2.17) 

)k<\x\<k+l 


Uq dx. 

(2.18) 


We now recall that by the result of 0, 


v m (x,t)-*v 00 (x) and 


I v m {x, 
Jo 


t) m dt -a i^(x) asm a oo in L , 1 (R x ( 0 ,00)) 


for some functions Voo(x), ip(x), which satisfy 


0 < Z7ooW < 


1 , Voodx = 1 

Jr Jr 


n 0 dx, 0 < 1 p(x) e L X (R) n L°°(R), 


and 

with 


wjx) + *px(x) = uo(x) in D'(R), 


t/>(x) = 0 a.e. x £ [x e R : Voo(x) < 1). 
Since u m (x, t ) < v m (x, t), we have 

0 < 1 p <ip 

and 

UcaiX, t) < Voo(x) => U° 0 o(x) < l7oo(x). 

By d2T8l) and (l2T9l) . 

By (I2J31) and (IZ24ll . 


f u 0 oo (x)dx= f 7 
Jr Jr 


Voo(x)dx. 


u^,(x) = i7oo(x) a.e. x £ R. 


(2.19) 

( 2 . 20 ) 
( 2 . 21 ) 
( 2 . 22 ) 

(2.23) 

(2.24) 

(2.25) 
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By (12.211) . (12.221) and (12.251) . we get (11.71) . By the discussion on P.70 of [Xj, u^, is uniquely determined 
by (11.61) and (11.711 . Since Uco satisfies (11.51) with initial value the function is unique. Since the 
sequence is arbitrary, u m converges to in C([fo, T]; L^ JIR)) for any T > to > 0 as m —» oo 

and Theorem [Id] follows. □ 


3. Singular limit as p —> oo 

In this section we will prove Theorem ll.21 We will fix m > 1 and write Wp := u m ,p for any p > 1. 
We will assume that 0 < Uq € L°°(R) in this section. 


Lemma 3.1. w p satisfies 

1 

w v {x, t) <-— 

((p-l)f + ||Mo||^)^ 

Proof. By direct computation, the function 

h(x, t) = 


a.e. (x, t)eRx (0, oo) Vp > 1. 


(3.1) 


(<p -»»+n-oii^r 

satisfies 

Uf + (u m ) x = eu xx - u v in 1R x (0, oo) 

m(x,0) = I|m 0 IIl~(r) ■ inR 

for any e > 0. Let u £ m v (x, t) be the solution of the problem 

u t + (u m ) x =£U XX - u p in 1R x (0, oo) 
u(x, 0) =Uq{x) in R. 

By the construction of solution in |0, uf„ p converges almost everywhere in R X (0, oo) to w p as 
£ —> 0 + . By the maximum principle for parabolic equation, 

u E mrV (x, t ) < h(x, t) V(x, t) e R x (0, oo) 

=> w p (x, t ) < h(x, t) a.e. (x, t) € R x (0, oo) as e —» 0 + 
and the lemma follows. □ 


(3.2) 


Let {pi}^i c R + , pt > 2, Vi, • • •, be such that p, —> oo as i —> oo. By d3.ll) for any t o > 0, 

s ^ L < 33 > 

By (I3.3D for any R > 0, T > to > 0, we can choose the function cor in Lemma H31 to be independent 
of p > 2. Hence by Lemma H31 the sequence |w Pi } ; _ 1 is equi-continuous in C([to, T]; L / 1 oc (R)) for any 
T > to > 0. Hence by (11.13b . the Ascoli theorem and a diagonalization argument the sequence 

f too 

(Wp,.) has a subsequence which we may assume without loss of generality to be the sequence 
itself that converges in C([fo, T]; Lj 1 (R)) for any T > t o > 0 to some non-negative function € 

C((0, oo); L / 1 oc (R)) H L°°(R X (0, oo)) as i —> oo. Putting p = p, in (13.1b and letting i —> oo, 

a.e. in R x (0, oo). 


< 1 


(3.4) 
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Lemma 3.2. zo m satisfies 



o J R 


[\Woo(x, t) - k\rj t + \u>oo(x, t) m - k m |ry x } dxdt >0 Vfc € R, 0 < j] € C^(R x (0, oo)). (3.5) 


Proof. Let 0 < i] £ C, C !°(R x (0, oo)). Since w p is the solution of (11.4b . 



{\w p (x, t) - k\rjt + | w p (x, t) m - k m \r\ x - sign (w p (x, t) - k)w p (x, tf 77 } dxdt >0 VfeR. (3.6) 

Jo UR 

We now choose T > to > 0 and R\ > 0 such that 

supp tj c B Rl x (t 0/ T). 

By ((3d). 


W v (x, tf < 


a.e. (x, t) el R x [to, 00 ), Vp > 1. 


Lemma 3.3. Let 0 < uq e L°°(R) n C(R). Suppose there exists xq <e IR and 5 > 0 such that 
Then , 


u 0 (x) <1, Vx € B 26 (xo)- 


lhn ||Wo 0 (- / 1) - u 0 (x)\\ lHMxq)) = 0. 


(3.7) 


((P - IJto )^ 1 

Since the right hand side of (13.71) converges to 0 as p —> oo, letting p = pj and i —> 00 in (13.61) . by 
(11.131) . (13.71) and the Lebesgue Dominated Convergence Theorem, (13.51) follows 


□ 


(3.8) 


Proof. We divide the proof into two cases. 
Case 1 . ||«oIIl“(r) ^ 1- 
By (EH, 


f w p (x, t)ri(x) dx - f u 0 (x)r](x)dx < f f \(w p ) m \ri x \ + (iv p f\q\] dxdt < C l} t, Vp > 1, p e C"(R) 
Jr Jr Jo Jr 


/■ 


-/■ 


iVoo(x,t)rj(x)dx - I uo(x)p(x) dx 


< C n t, V?] £ C“(R) as p = pj —> 00 . 


Then 

Woo —> u 0 weakly in L 2 (R) as t —» 0. (3.9) 

Let {tj} c R + be such that tj —> 0 as i —> 00 . Then by (13.91) , there exists the sequence {f,}“ 1 has a 
subsequence which we may assume without loss of generality to be the sequence itself such that 

Woo(x, tj ) —> u o(x) a.e. x e R as i —> 00 . (3.10) 

By (13.101) and Lebesgue Dominated Convergence Theorem, 


l|Woo(-, tj) - UoWl^Br) -> 0 VR > 0 as i -> 00. 

Since the sequence (f 2 }“ 1 is arbitrary, (13.81) follows. 

Case 2 . uo £ L°°(R). 

Let 0 = max | x _ Xo |<5 Uq(x). Then, 6 < 1. We now choose a smooth non-negative function ly on R 
such that 

0 + 1 

V 0 (x) = u 0 (x), Vx G B 2 §(xo) and u 0 (x) < — — , Vx 6 R. 

Let N = m ||k 0 IIl~Ji) and Up be the solution of (11.41) with initial value Vq. By the same argument as 

( \ OO 

Opt | has a subsequence which we may assume without loss of generality 
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to be the sequence itself that converges in C ([to, T)‘,Vj 0C ( R)) for any T > to > 0 to some function 
Voo G C ((0, oo); L^R)) n L°°(R X (0, oo)) as i —> oo. Then, By Lemma lL 6 l 


|rc p (-,f) - V p (;t)\\ lHMxo)) = \\w p (; 0 ) - = 0 V0 < * < M' P 


> 1 


IIWooO, t) - Vcoi-, t) ll L l(B 5 (xo)) = 0 V0 < f < iv aS P=Vi 
Woc(x, t) = Voo(x, t), VO < t < j-j, \x - x 0 | < b. 


Therefore, by (13.111) and Case 1, 

IKo(-, 0 - woIIl1(b s (x 0 )) = \\Voo(; t) - u 0 \\ lH b 6 (x 0 )) ^0 ast->0 

and (13.81) follows. 

Lemma 3.4. Lef 

= min ( Uo(x ), 1) Vx € R. 

Then, 

lim 


im I |a;oo(^/ 0 - h>2o(x)| dx = 0 VR > 0. 


(3.11) 


□ 


(3.12) 


Proof. We divide the proof into 2 cases. 

Case 1. w 0 e C(R) n L°°(R). 

Since {x : Wq(x) < 1} is open, by the Lindelof theorem |R| , {x : Wq(x) < 1} = lj)^i ^ibfxf) for some 
Xj e {x : wo(x) < 1} and 5j > 0, j = 1,2, • ■ ■ . By Lemma [331 for any j € ZL (13.81) holds for 5 = bj. 

Let e > 0 and uo /f (x) = min(wo(x), 1 - e). For any m > 1, p > 1, let « m ,p, £ be the solutions of 
(11.41) in R x (0, oo) with initial value wo, £ . By the same argument as before u m ,p,e satisfies (13.311 . 
Moreover the sequence is equi-continuous in C([fo, T]; Lj 1 (R)) for any T > to > 0 and 

has a subsequence which we may assume without loss of generality to be the sequence itself that 
converges in C([fo, T]; L / 1 oc (R)) for any T > to > 0 to some function woo, £ e C((0, oo); L / 1 oc (R)) as i —> oo 
which satisfies 

0 < w^^x, t) < 1 in R x [0, oo) (3.13) 

Since Wq /£ < 1 in R, by the proof of Lemma [331 

Woo, e (x, t) —» Uo, E (x) in L / 1 oc (R) as t —> 0. (3.14) 

Since Wo /£ < Wo, by the construction of solutions of (11.41) in IfKlI . 

Um,p,e <tv v in R x (0, oo) => Woo, E < in R x (0, oo) as p = pi, i —> oo. (3.15) 
By (HI, <137141) and d3T5l> . 

1 > lim sup Woo(x, t) > lim inf woo{x, t) > lim Woo, £ (x, t) = 1 - £ a.e. x 6 {x : Wo(x) > 1} 
f -»0 f ^° f_>0 

=> limw; 0 o (x, f) = 1 = rc^,(x) a.e. x e {x : uo(x) >1} as £ —> 0. (3.16) 

Since (13.81) holds for 5 = bj, j e Z + , any sequence , t, —> 0 as i —> oo, will have a subsequence 
which we may assume without loss of generality to be the sequence itself such that 

w oo(x, ti ) w 0 (x) a.e. x € [x : w 0 (x) < 1}. 

Hence, by (13.161) . (13.171) and the Lebesgue Dominated Convergence Theorem, 


(3.17) 
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Since the sequence is arbitrary, (13.121) follows. 

Case 2. uq e L°°(R). 

We choose a sequence of functions {mo ,;}“ 1 c C°°(1R) such that 


ll M 0 ,; - Moll L\B r ) 0 

»0 ,j(x) -» Uq(x) 


as 7 —> oo, VR > 0 

a.e. x e R as / —> oo 


(3.18) 


I|Wo,/IIl°°(R) ^ I|MoIIl“(R) + y V/ € Z + . 


For any m > 1, p > 1, let u mr pj be the solutions of (11.41) with initial value Uq,;- By the same argument 
as before for any j € Z + the sequence has a subsequence which we may assume without 

loss of generality to be the sequence itself that converges in C([fo, T]; L* (R)) to some function 
Woo,j e C((0, oo);L ; 1 oc (R)), 0 < Woo,j < 1/ for any T > to > 0 as i — > oo. Let 


-(x) = min (uq/x), l), V; € Z 4 


By case 1, 


(3.19) 


lim I Woo j(x, t ) - w^ .(x) dx = 0 VR > 0 ,je Z + . 

By (13.181) and Lemma lL6l there exists a constant N > 0 such that 

I |M m/P ,y(x,f) - u mrP (x,t)\dx < I |uo,y(x) - uo(x)|dx VO < t < R/N,R > 0 ,je Z + ,p > 1. (3.20) 


'BR-Nt -'Br 

Putting p = p, in (13.201) and letting i —> oo. 


I |Woo,;(x, f) - Woo(x, t)\ dx < I |uo,y(x) - «o(*)l dx VO < t < R/N,R > 0,j e Z + . (3.21) 

JftR-m Jb r 


'Br-m 

By (E2U), 


1 


|Woo(x,f) - Wqo(x)| dx 

IBr-m 

< I |Woo(x, f) - woo,y(x, f)| dx + 

'JB R - Nt JB R - Nt 


\w OOrj {x / t)-w 0 ooj (x)\dx + 
dBR-Nt JBi 


Br-a 


\ W oo,j( X ) ~ W oo( X )l rfx 


< |m 0 ; ;(x) - m 0 (x)| dx + \Woo,j(x,t)-w° ooj (x)\dx+ |w° .(x) - w^,(x)| dx 

Jbr Jb r Jb r 


(3.22) 


for any 0 < t < R/N, R > 0 and j € Z + . Letting first t —» 0 and then j —> oo in (13.221) , by (13.181) and 
(13.191) . (13.121) follows. □ 


We will now complete the proof of Theorem ll.2l 

Proof of Theorem 11.21 By Lemma l32l and Lemma l3~4l w oo is the unique solution of (11.81) . Since the 
sequence {p,-}?^ is arbitrary, w p converges to Woo in C([fo, T]; L* (R)) for any T > to > 0 as p —> oo 
and Theorem [L2] follows. □ 























12 


KIN MING HUI AND SUNGHOON KIM 


4. Interchange of limits 


This section will be devoted to proving Theorem ll.3[ 


Proof of Theorem 13.31 Note that (i) follows directly by Theorem II .21 and the result of 13. Hence 
we only need to prove (ii). By Theorem ll.il Uoo,p satisfies (11.511 with initial value that satisfies 
(11.61) for some function 0 < ip E L ] (IR) D L°°(]R) which satisfies (11.71) and 0 < Uoo,p < 1 on R X (0, oo). 
Let c Z + be such that p, —> oo as z — > oo. Since 0 < u COi p < 1, the sequence {Woo,p,}“ 1 has a 

subsequence which we may assume without loss of generality to be the sequence itself such that 
Uoo,pi converges weakly in L 1 (IR x (0, oo)) to some function V 2 as i —> oo. 

On the other hand since Uoo,p satisfies (11.5b . 


Woo,p(x, f) — 

((P 

=> V 2 (x, t) = lim u 


u°oo(x) 

- l)tu° ca (x)P - 1 + 

oc,p(X,t) = U^(x) 



a.e. (x, t) e R x (0, oo) Vp > 1 
a.e. (x, t) e Rx (0, oo) 


and Theorem [L3] follows. 


□ 
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